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ABSTRACT
Causal inference in multivariate time series is confounded
by subsampling in time between the true causal scale and
the observed data sampling rate. In practice, this presents
challenges for inferring causal interaction between time series due to differences in sampling rates across time series
and generally low sampling rates due to technological limitations. To determine instantaneous and lagged effects between time series at the true causal scale, we take a model
based approach based on structural vector autoregressive
(SVAR) models. We show that when the underlying noise,
or shocks, to the system are non-Gaussian, both the parameters of the true model and its causal structure are identifiable from subsampled and mixed frequency data. Our work
builds on the recent work of Gong et al. [1], who established
the identifiability of VAR models from subsampled time series with non-Gaussian noise, but with no instantaneous
interactions. Here, we generalize their work to the SVAR
case to handle instantaneous interactions and, additionally,
the multifrequency setting. The resulting approach provides
a complete picture of identifiability in non-Gaussian SVAR
models under arbitrary mixed frequency subsampling.
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1.

INTRODUCTION

Classical approaches to multivariate time series and Granger
causality assume that all time series are sampled at the same
sampling rate. However, due to data integration across heterogenous sources, many data sets in econometrics, health
care, and neuroscience are composed of multiple time series
sampled at different rates, referred to as mixed frequency
time series. Furthermore, due to the cost of data collection,
many time series may be sampled at a rate lower than the
true causal scale of the underlying physical process. For example, many econometric indicators, like GDP and housing
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price data, are recorded at quarterly and monthly scales [2].
However, there may be important interactions between these
indicators at the weekly or bi-weekly scales [2, 3, 4]. In neuroscience, imaging technologies with high spatial resolution
like functional magnetic resonance imaging or fluorescent
calcium imaging have relatively low temporal resolutions.
On the other hand, it is well-known that many important
neuronal processes and interactions happen at finer time
scales [5]. Furthermore, a causal analysis rooted at a slower
time scale than the true causal time scale may both miss true
interactions and add spurious ones [5, 6, 4, 7]. A comprehensive approach to Granger causality in multivariate time
series should be able to simultaneously accommodate both
mixed frequency and subsampled data.
A recent set of papers has examined the problem of causal
discovery in subsampled time series drawing from methods
in causal structure learning using graphical models [8, 9, 10,
11]. These methods are model free, and automatically infer
a sampling rate for causal relations most consistent with the
data.
In contrast, we take a model based approach and examine
the identifiability of structural vector autoregressive models (SVAR) under both subsampling and mixed frequencies.
SVARs are an important tool in time series analysis [12,
13] and are a mainstay in econometrics and macro-economic
policy analysis. SVAR models combine classical linear autoregressive models with structural equation modeling [14]
to allow analysis of both instantaneous and lagged causal effects between time series. However, SVAR models are commonly applied to regularly sampled data, where each series
is observed at the same, discrete regular intervals. Typically,
the time scale of a causal SVAR analysis is restricted to this
shared sampling scale.
Our approach builds on the recent work of Gong et al. [1]
who explore identifiability and estimation for VAR models
under subsampling with independent innovations, i.e., no instantaneous causal effects or error correlations. They show
that with non-Gaussian errors, the transition matrix is identifiable under subsampling, implying Granger causality estimation under subsampling is possible. For estimation, they
model the non-Gaussian errors using a mixture of normal
distributions and develop an EM algorithm for inference.
Interestingly, non-Gaussian errors have also been shown
to aide model identifiability in structural VAR models with
standard sampling assumptions [15, 16, 17, 18, 19]. This
line of work applies techniques originally developed for both
structural equation modeling with non-Gaussian errors and
independent component analysis (ICA) [20] to the structural

A.

noise
xt = Bxt + Dxt−1 + et ,

(1)

p×p

where B ∈ R
is the structural matrix that determines the
instantaneous time linear effects, D ∈ Rp×p is an autoregressive matrix that specifies the lag one effects conditional on
the instantaneous effects, and et ∈ Rp is a white noise process such that E(et ) = 0 ∀t, etj is distributed as etj ∼ pej ,
and eti is independent of et0 j ∀i, j, t, t0 such that i 6= j and
t 6= t0 . E(et eTt ) = Λ where Λ is diagonal. Solving Eq. (1) in
terms of xt gives the following equation for the evolution of
xt :

B.

C.

xt = (I − B)−1 Dxt−1 + (I − B)−1 et
= Axt−1 + Cet

time
Figure 1: Schematic representing three different
types of structured sampling. Black lines indicate
observed data and light grey indicate missing data.
A) Both series are subsampled at a rate of two. B)
Mixed frequency example series one has no subsampling while series two is subsampled. C) Subsampled mixed frequency example where each series is
subsampled, but at different rates.

VAR context. Importantly, non-Gaussian errors allow identification of the structural VAR model without any other
identifying restrictions [16] and further allow identification
of the causal ordering of the instantaneous effects if these
are known to follow a directed acyclic graph (DAG) [17].
Our work concretely unifies the non-Gaussian subsampled VAR with independent innovations of Gong et al. [1]
with the now extensive non-Gaussian structural VAR framework [15, 16, 17, 18, 19] by proving identifiability of a full
structural VAR model of order one under arbitrary subsampling. As a result, we find that not only can one identify
the causal structure of lagged effects from subsampled data,
but also the DAG of the instantaneous effects without prior
knowledge of the causal ordering. We generalize our results
to mixed frequency time series with potential subsampling,
where the subsampling level may be different for each time
series.
While this work focuses on issues of model identifiability,
we describe model estimation and its difficulties in Section
5, and leave it as future work.

2.

BACKGROUND

2.1

SVAR models

Let xt ∈ Rp be a p-dimensional multivariate time series for
t = 1, . . . , T generated at a fixed sampling rate. We collect
the entire set of xt s into the matrix X = (x1 , . . . , xT ). We
assume the dynamics of xt follow a combination of instantaneous effects, lagged autoregressive effects, and independent

(2)
(3)

Under the representation in Eq. (3), each Aji element denotes the lag one linear effect of series i on series j and
C ∈ Rp×p is the structural matrix. Element etj is refered to
as the shock to time series j and element Cji is the linear
effect of the shock on series j to time series i.
Conditions on C, or equivalently B, for model identifiability and estimation have been heavily explored [13]. Perhaps
the most typical condition is that C is a lower triangular
matrix with ones on the diagonal, implying a known causal
ordering to the instantaneous effects. In this case, one may
interpret the instantaneous effects as a directed acyclic graph
(DAG) [21]. A DAG is a directed graph, G = (V, E), with
vertices V = {1, . . . , p} and directed edge set E, with no
directed cycles. A causal ordering for a DAG is an ordering
of the vertices into a sequence, π, such that if j comes before
i in π then E does not contain any edge i → j; see, e.g., [22]
for more details. In the context of SVARs, for i 6= j there
exists a directed edge i → j from xi to xj in E, if and only
if Cji is nonzero.
Classical estimation may typically proceed by fitting A
and C simultaneously with the identifiability conditions, or
equivalently fitting A and Σ = CΛCT and letting C be
the unique Cholesky factorization of the Σ estimate. The
downside of the classical SVAR methods is that they assume a known causal ordering of the instantaneous effects
that may in practice be unknown. A recent line of work
[15, 16, 17] instead assumes that the errors, et , are nonGaussian. By leveraging the non-Gaussianity of errors, the
causal ordering in C, or B, may be inferred directly from
the data using techniques common in independent component analysis (ICA) [17]. Alternatively, one may dispense
with causal orderings and lower triangular restrictions all
together and directly estimate C [16]. Our analysis continues this line of work, leveraging non-Gaussianity of SVAR
with subsampling and/or mixed frequency sampling.

3.
3.1

SUBSAMPLED SVAR
The subsampled process

Subsampling occurs when, due to low temporal resolution, we only observe xt every k time steps. In this case, we
only have access to the observations
X̃ = (x̃1 , x̃2 , . . . , x̃T ) ≡

x1 , x1+k , . . . , x1+(T −1)k . We may marginalize out the un-

A.

observed xt to obtain the evolution equations for x̃t :
x̃t+1 = x1+tk = Ax1+tk−1 + Ce1+tk

xt1

x(t+1)1

x(t+2)1

xt2

x(t+1)2

x(t+2)2

= A (Ax1+tk−2 + Cet+tk−1 ) + Ce1+tk
= ...
= Ak x̃t−1 +

k−1
X

Al Ce1+tk−l

(4)

l=0

= Ak x̃t−1 + Lẽt ,
(5)


T
where ẽt = eT1+tk , . . . eTtk+k
and L = C, . . . , Ak−1 C .
Eq. (5) appears to take a similar form to a SVAR process in
Eq. (1); however, now the vector of shocks, ẽt , is of dimension kp with special structure on both the structural matrix
L and the distributions of the elements in ẽt . Unfortunately,
this representation no longer has the interpretation of instantaneous causal effects as described in Section 2.1 since
there are now multiple shocks per individual time series.
We will refer to the full parametrization of the subsampled
SVAR model in Eq. (5) as (A, C, k, e). Identifiability of the
SVAR model means that there is a unique pair of A and C
for the SVAR model consistent with the joint disitrbution
X̃ at subsampling rate k.

3.2

Lagged and Instantaneous Causality Confounds of Subsampling

A classical SVAR analysis on the x̃t that does not account
for subsampling would incorrectly estimate lagged Granger
causal effects in Ak since Aij being zero does not imply
that (Ak )ij = 0, and vice versa [1]. Zeros in the estimated
structural matrix may also be incorrect if subsampling is
ignored. Furthermore, classical SVAR estimation methods
that assume a known causal ordering to the instantaneous
shocks simply estimate the covariance of the error process,
Σ = E(Cet eTt CT ) = CΛCT , and let the estimated structural matrix be the Cholesky decomposition of Σ. Under
subsampling, the covariance of the error process is given by
E(Lẽt ẽTt LT ) = L (Ik ⊗ Λ) LT ,

(6)

B.
xt1

x(t+2)1

xt2

x(t+2)2

Figure 2: Graphical depiction of how subsampling
confounds both causal analysis of lagged and instantaneous effects. A) The true causal diagram for the
regularly sampled data. B) The estimated causal
structure of the subsampled process when the effects of subsampling are ignored.
der some conditions one may still estimate the A and C
matrices of the underlying SVAR process directly from the
subsampled data.

3.3.1

Identifiability of L

As a first step to proving the identifiability result for A
and C we note that that the matrix L = C, . . . , Ak−1 C
in Eq. (5) is identifiable up to permutation and scaling of
columns when the pej (distribution of the etj ) are all nonGaussian:

where ⊗ is the Kronecker product and Ik is the identity
matrix of size k. Note that the causal structure given by
zeros in the Cholesky decomposition of Eq. (6) need not be
the same as those implied by C.
As an example, consider the following process [1]:


.8 .5
A=
0 −.5

Proposition 1. Suppose that all pej are non-Gaussian.
Given a known subsampling factor k and subsampled data
X̃ generated according to Eq. ( 5), L may be determined up
to permutation and scaling of columns.

and C = Λ = Ip . Then,

Lemma 2. Let ê = Jr and ê = M s be two representations
of the n-dimensional random vector ê, where J and M are
constant matrices of orders n×l and n×m, respectively, and
r = (r1 , . . . , rl )T and s = (s1 , . . . , sm )T are random vectors
with independent components. Then the following assertions
hold.





.64 0
Ak =
0 .64


1.89
−.4
L (Ik ⊗ Λ) LT =
,
−.4 1.64
implying no lagged causal effect between x1 and x2 but a
relatively large instantaneous interaction; this is the opposite of the true generating model! A graphical depiction of
this example is given in Figure 2.

3.3

Identifiability under subsampling

While both lagged Granger causality and instantaneous
structural interactions are confounded by subsampling, we
show here that if one accounts for subsampling, then un-

The proof closely follows the proof of Proposition 1 of [1] and
follows from the following foundational result in the field of
ICA [23].

1. If the ith column of J is not proportional to any column
of M , then ri is Gaussian.
2. If the ith column of J is proportional to the jth column of M , then the logarithms of the characteristic
functions of ri and sj differ by a polynomial in a neighborhood of the origin.
Intuitively, this result states that if r is non-Gaussian, its elements are independent, and if Jr = Ms, it must be that M

and J are equal up to permutation and scaling of columns.
This implies that one may estimate M from only observations of ê and that the estimate of M should be equal up to
permutations and scalings of the true data generating M .
To apply Lemma 2 to Proposition 1, note that Ak is
identifiable by linear regression. Thus, the error component ê = x̃t − Ak x̃t−1 = Lẽt satisfies the conditions of (i)
of Lemma 2 and L is idendifiable up to permutations and
scalings since ẽt are non-Gaussian.

Identifiability under C = I
Using the identifiability result for L in Proposition 1 allows us to derive identifiability statements and conditions
for C and A for the subsampled SVAR. We first require a
few mild assumptions.

Theorem 4. Suppose eti are all non-Gaussian and independent, and that the data are generated by a SVAR(1) process with representation (A, C, e, k) that also admits another
mixed frequency subsampling representation (A0 , C0 , e0 , k).
If assumptions A1-A3 hold, the following statements are
true:
1. C is equal to C0 up to permutation of columns and
scaling of columns by 1 or −1, i.e. C0 = CP where P
is a scaled permutation matrix with 1 or −1 elements.
This implies Σ = CCT = C0 C0T = ΣT .

3.3.2

A1 xt is stationary so that all singular values of A have
modulus less than one.
A2 The distributions pei are distinct for each i after rescaling by any non-zero scale factor, their characteristic
functions are all analytic (or they are all non-vanishing),
and none of them has an exponent factor with polynomial of degree at least 2.
Assumption A1 is standard in time series modeling [12] and
A2 is also common in non-Gaussian, ICA-type models. Gong
et al [1] provide identifiability results under A1 and A2 for
the subsampled VAR with no instantaneous correlations,
C = I. We restate their result in our framework, both for
comparison with the SVAR results and for use in Section 4,
where we consider the mixed frequency sampling.
Theorem 3. (Gong et al. 2015) Suppose all of eti are
non-Gaussian, and that the data x̃t are generated by Eq.
( 2.1) with C = Ip and that it also admits another kth order
subsampling representation (A0 , Ip , e0 , k). If assumptions A1
and A2 hold the following statements are true.
1. A0 can be represented as A = AD1 , where D1 is a
diagonal matrix with 1 or −1 on the diagonal. If we
constrain the self influences, represented by the diagonal entries to be positive, then A0 = A.
2. If each pei is asymmetric, we have A0 = A.

3.3.3

Identifiability for general SVAR model

For identifiability of the full SVAR model under subsampling we require two additional assumptions:
A3 The variance of each pei is equal to one, i.e., Λ = Ip .
A4 All pei are asymmetric.
A5 C is full rank.
Assumption A3 is common in structural VAR models due
to the inherent non-identifiability between scaling the ei s
and scaling the columns of C. Assumption A5 is mild, and
contains the more restrictive assumptions in non-Gaussian
SVAR models (necessary to infer the instantaneous structural DAG [24]), that C may be row and column permuted
to a lower triangular matrix with non-zeros on the diagonal.
Under these assumptions, we have the following identifiability result for general subsampled SVAR models:

2. A is equal to A0 if A4 and A5 also hold.
The requirement that C be full rank is due to the structure
of L. Since one may identify C as the first p columns of
L, to obtain A we must premultiply the second set of p
columns of L by C−1 . The asymmetry assumption is needed
since the scaling of the columns of C and AC by 1s or 1s is ambiguous and may be different if the distributions
are symmetric; the asymmetry assumption ensures that the
scalings are the same. See the Appendix for a full proof.

3.3.4

Identifying the structural DAG

If the instantaneous causal effects follow a directed acyclic
graph (DAG), we may identify the DAG structure without
any prior information about causal ordering of the variables
in the DAG.
Corollary 5. If C is lower triangular with positive diagonals,i.e. it follows a DAG G, then C = C0 , implying the
structure of G is identifiable without prior specification of
the causal ordering of G under Assumptions A1-A3.
(proof sketch) This result follows from the fact that C may
be identified up to column permutations. Based on the identifiability results of [24], if C follows a DAG structure this
implies it may be row and column permuted to a unique
lower triangular matrix. The row permutations identify the
causal ordering, and the nonzero elements below the diagonal identify the edges in G. See [24] for more details on
identifiability and estimation of the DAG from C.
Taken together, the results of Theorem 4 and Corollary 5
imply that when the shocks, et , are independent and nonGaussian, a complete causal diagram of the lagged effects
and the instantaneous effects are fully identifiable from the
subsampled time series, X̃.

4.

MIXED FREQUENCY SVAR

Mixed frequency (MF) time series are common in econometrics, where the canonical example is in combined modeling of quarterly GDP with other monthly economic indicators. Estimation and forecasting of mixed frequency time
series are commonly approached using both standard VAR
and SVAR models [25, 26]. Typically, the VAR model is fit
at the same scale as the fastest sampled time series. Due to
costly data collection, this scale is generally arbitrary and
may not reflect the true causal dynamics, leading to confounded Granger and instantaneous causality judgements [5,
7]. Our identifiability results from Section 3 may be generalized to the mixed frequency case with arbitrary levels of
subsampling for each time series, implying accurate estimation of Granger and instantaneous causality is possible. We
note that identifiability conditions for mixed frequency VAR

models with no subsampling at the fastest scale (Figure 1B)
was an open problem for many years [27] . Anderson et al.
[28] recently showed the mixed frequency VAR (MF-VAR)
of type B in Figure 1 is generically identifiable from the
first two observed moments of the MF-VAR, meaning that
unidentifiable models make up at most a set of measure zero
of the parameter space. However, no explicit identifiability conditions of the VAR process were given. In contrast,
we use the results from Section 3 to provide explicit identifiability conditions for MF-SVAR models under arbitrary
subsampling with non-Gaussian error assumptions.

4.1

Mixed Frequency SVAR

For simplicity of presentation, we assume each time series
in xt ∈ Rp is sampled at one of two sampling rates, slow
subsampling rates ks and fast subsampling rates kf , so that
xt = (xst , xft ) where xst are those series subsampled at ks and
xft are those subsampled at kf . Let k ∈ {ks , kf }p be the list
of subsampling rates for each time series. In Figure 1B,
kf = 1 and ks = 2, whereas in Figure 1C, kf = 2 and
ks = 4. Analogous to the subsampled case, we refer to a
parameterization of a MF-SVAR model as (A, C, e, k). Let
k∗ be the smallest multiple of both ks and kf ; for example,
in Figure 1C, k∗ = 4.
We may derive a similar representation to Eq. (5) for MF
series. Fix a time point t such that all series are observed.
Let I (q) be a modified p × p identity matrix where all rows
i such that xti is not observed at time t − q are set to zero.
Further, let I (q̄) = I − I (q) , A(q) = I (q) A, and A(q̄) = I (q̄) A.
Then

2. If any multiple of ki is 1 smaller than some multiple
of kj then Aij = A0ij . If Aij 6= 0 this implies that
(D1 )jj = 1, i.e. the jth columns of A and A0 are
equal: A:j = A0:j .
3. If each pei is asymmetric, we have A0 = A.
(proof ) Points 1. and 3. follow since we may further subsample all series in xt to a subsampling rate of k∗ . This
gives a subsampled X̃ with representation (A, I, e, k∗ ). Applying Theorem 3 gives the result. Furthermore, we note
that if some multiple of ki is one less than some multiple of
kj then there exists a set of ts for Eq. (7), where series i is
observed at time t − 1 and series j is observed at time t. By
identifiability of linear regression, A0ij = Aij . This resolves
the sign ambiguity of the columns in 1. so that A:j = A0:j
Theorem 7. Suppose all of the eti are non-Gaussian and
independent, and that the data is generated by a structural
VAR(1) process with representation (A, C, e, k) that also
admits another mixed frequency subsampling representation
(A0 , C0 , e0 , k). If assumptions A1-A3 hold, the following
statements are true:
1. C is equal to C0 up to permutation of columns and
scaling of columns by 1 or −1, ie C = CP where P
is a scaled permutation matrix with 1 or −1 elements.
This implies Σ = CCT = C0 C0T = ΣT .
2. If C is lower triangular with positive diagonals, i.e.
the instantaneous interactions follow a DAG, and if
for all i there exists a j such that any multiple of ki
is 1 smaller than some multiple of kj with Aj: C:i 6= 0,
then A = A0 .

xt = Axt−1 + Cet
= AI (1) xt−1 + AI (1̄) xt−1 + Cet
= AI (1) xt−1 + A(A(1̄) xt−2 + C(1̄) et−1 ) + Cet
= ...
= Fx̃t−1 + Lẽt ,

3. A = A0 if A4 and A5 also hold.
(7)

where
F = (A, AA(1̄) , . . . , AA(1̄) . . . A(k
(1̄)

L = (C, AC, AA
x̃t−1 = (I

(1)

xt−1 , . . . , I

ẽt = (et , I

(1)

(1̄)

C, . . . , AA
(k)

∗ −1)

)

. . . A(k

∗ −1)

C)

xt−k∗ )

et−1 , . . . , I (k

∗

−1)

et−k∗ −1 )

Eq. (7) takes the same form as Eq. (5), namely some matrix
F times the observed time series samples x̃t−1 plus a matrix
L times a vector of non-Gaussian errors ẽt . This intuitively
suggests that similar identifiability results will hold.

4.2

Identifiability of MF-SVAR

We provide generalizations of both Theorems 3 and 4 to
the mixed frequency case.
Theorem 6. Suppose all of the eti are non-Gaussian,
and that the data x̃t are generated by Eq. ( 2.1) with C = Ip .
Further suppose that the process also admits another mixed
frequency subsampling representation (A0 , Ip , e0 , k). If assumptions A1 and A2 hold, the following statements are
true.
1. A0 can be represented as A = AD1 , where D1 is a
diagonal matrix with 1 or −1 on the diagonal.

The proof of points 1. and 3. follows the same subsampling
logic as the proof given for Theorem 6. The proof of 2 is
given in the Appendix.
Taken together, Theorems 6 and 7 demonstrate that identifiability of SVAR models still holds for MF series with subsampling under non-Gaussian errors.

5.

DISCUSSION

Our results provide sufficient conditions for identifiability
of structural VAR models for both subsampled and mixed
frequency time series. Importantly, the complete causal diagram of both lagged effects and instantaneous causal effects
is fully identifiable under arbitrary subsampling schemes and
non-Gaussian errors. Our identifiability results hold for nonGaussian errors, but it would be interesting to specify what
order moments of the process are required for identifiability.
This line of work may aide in developing spectral estimation
methods for this problem.
While we have focused on identifiability in this paper, ongoing work is focused around estimation of the lagged and
instantaneous causal effects under subsampling. Gong et
al. [1] model the non-Gaussian errors using a mixture of
Gaussians and develop a full EM algorithm for inference in
subsampled VAR models with identity error covariance. Unfortunately, due to the combinatorial nature of their missing
data EM algorithm, each iteration of the algorithm scales as
m(k+1)p where m is the number of mixture components for

each error distribution. We are currently pursuing approximate inference algorithms for this framework to scale to
more than the two-time-series examples in [1]. Furthermore,
Gong et al.’s algorithm only works for time series subsampled at the same rate, not mixed frequency data. Work
to develop a more scalable inference method for arbitrary
mixed frequency, subsampled data is currently ongoing.

6.
6.1

APPENDIX
Proof of Theorem 4

We prove it for the subsampled case. The structural VAR
model can be decomposed as:
x̃t = Ak x̃t−k + Lẽt
= Ak x̃t−1 + ~et ,

!
= Djj

Cjj A:j +

(10)

l

(11)

l

< ||A C:i ||2

(12)

= ||Llp+i ||2 .

(13)

< ||A||2 ||A C:i ||2

0

This implies that L may be written as:
L0 = LP


= CP0 , ACP1 , . . . Ak−1 CPk−1 ,

(14)
(15)

where Pi is a scaled permutation matrix with either 1s or
−1 scaling factors where Pi and Pj have the same permutation pattern but potentially different scaling factors. This
proves the first assertion, ie C0 = CP0 and Σ0 = C0 C0 T =
CP0 P0T CT = CCT = Σ. Now, if the pe are restricted to be
nonsymmetric then the scaling factors must all be 1 so that
all the Pi are equal.
(16)
(17)

and since C is full rank, CP is full rank so that A0 = A, as
desired.

Theorem 7 part 2

If C is lower triangular then C = C0 . Now, AC =
0 0
A C P1 = A0 CD where D is diagonal with either 1 or −1

X

Cij A:i

.

(19)

i>j

(9)

||L(l+1)p+i ||2 = ||AAl C:i ||2

6.2

i>j

(8)

where L = (C, AC, . . . , Ak−1 C) and ~et = Lẽt . We may
determine Ak uniquely by linear regression and thus determine the distribution of ~et . Proposition 1 states that each
column of L0 is a scaled version of a column of L. Denote
by Llp+i , l = 0, . . . , k − 1, i = 1, . . . , p the (lp + i)th column of L, and similarly for L0lp+i . From the Uniqueness
Theorem in Erikson and Koivunen 2004 [23], we know that
under condition A2, for each i, there exists one and only j
such that the distribution of e(t−l)i , l = 1, . . . , k − 1 is the
same as the disitrbution of e0(t−l)j , l = 1, . . . , k − 1 up to
changes in location and scale. This implies that each column in Llp+i , l = 0, . . . , k − 1, is proportional to at least
one of the nonzero columns in Llp+j , l = 1, . . . , k − 1, and
vice versa. The proportionality must be either 1 or −1 since
we have standardized the pe to have unit variance. Furthermore, it must be the case that lp+i is proportional to column
L0lp+j for j and i = 1, . . . , p since the columns are ordered in
magnitude in both L and L0 , ie ||Llp+i ||2 > ||L(l+1)p+i ||2 ,

A0 C0 = A0 CP
= ACP

on the diagonal. This implies that L0p+1:2p = ACD. We
procceed by induction. Since the last column of C, C:p ,
is zeros everywhere except the last element, we must have
that Cpp A:p Dpp = L02p = Cpp A0:p , so that A:p Dpp = A0:p .
Following the same logic as the proof to item 2 of Theorem
6, if there exists some j such that a multiple of kp is one
less than a multiple of kj and Apj 6= 0, then we can identify
Apj , and hence its sign, implying A:p = A0:p .
Assume that A:i = A0:i for i > j. Since C is lower diagonal
we must have that
!
X
0
0
Lp+j = Cjj A:j +
Cij A:i
(18)

P
Since Alj = A0lj with Cjj Alj + i>j Cij Ali 6= 0 for some
l, this implies Djj = 1, so that A:j = A0:j . Taken together,
A = A0 .

7.
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